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A symmetry-extended mobility rule is formulated for body-hinge frameworks and used to derive neces-
sary symmetry conditions for isostatic (statically and kinematically indeterminate) frameworks. Con-
structions for symmetric body-hinge frameworks with an isostatic scalar count are reported, and
symmetry counts are used to examine these structures for hidden, symmetry-detectable mechanisms.
Frameworks of this type may serve as examples for exploration of a symmetry extension of the (now
proven) ‘molecular conjecture’.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Isostatic systems are both kinematically and statically determi-
nate, and so are ﬁxed in conﬁguration, and have no internal stres-
ses when unloaded, thus allowing high precision placement of
components, as discussed by Maxwell for scientiﬁc apparatus in
Section 4 of Maxwell (1876). This has particular engineering rele-
vance in harsh thermal environments such as space (Bujakas and
Rybakova, 1998). Isostatic systems are able to react to changes in
shape of their constituent bodies by deforming without building
up internal stresses, and hence ﬁnd application as ‘parallel’ robots,
such as the Stewart platform (Stewart, 1965), deployable struc-
tures (Miura et al., 1985) and easily driven adaptive structures (Ba-
ker and Friswell, 2009).
In general, symmetry arguments give powerful tools for the
detection of hidden mechanisms in structures that scalar counting
arguments would predict to be isostatic. There are also many
examples of highly symmetric structures that counting without
symmetry predicts to be over-constrained, but which have mecha-
nisms that are revealed by symmetry-extended counting rules
(Röschel, 2002, 2012; Chen et al., 2012). The symmetry approach
has already been used to develop symmetry-extended mobility cri-
teria for bar-and-joint (Fowler and Guest, 2000; Connelly et al.,
2009) and body-bar (Guest et al., 2010) frameworks. Here we make
a natural extension to body-hinge structures, as a way of ﬁnding
the symmetries of their mechanisms and states of self stress andidentifying conditions for a symmetric structure of this type to
be isostatic. Two simple examples of body-hinge structures are
shown in Fig. 1.
In addition to the practical goal of explaining mechanisms in
particular systems, the study of symmetry aspects of body-hinge
structures has another motivation. The long-standing ‘molecular
conjecture’ (Tay and Whiteley, 1984) was recently proved (Katoh
and Tanigawa, 2011): under generic conditions, a body-hinge
framework and a ‘molecular’ structure with the same underlying
multi-graph have the same rigidity properties. (A molecular struc-
ture, named by analogy with chemical structures, is one in which
the lines of the hinges attached to each body all pass through a
common point in that body. Fig. 1(b) shows an example based on
the propane molecule.)
A recently proposed generalisation is the conjecture that sym-
metric body-bar, body-hinge and molecular structures that all
share a common symmetry and a common underlying multi-graph
will have the same rigidity properties under symmetry-generic
conditions (Porta et al., 2014). Comparison of the analogous sym-
metry counts for body-bar frameworks and the molecular struc-
tures that result from specialisation of the body-hinge systems
considered in the present study could provide extra evidence for
the ‘symmetric molecular conjecture’. The present study also gives
ways of quickly constructing examples of symmetric molecular
structures with small numbers of mechanisms, for comparison
with corresponding body-bar frameworks, hence furnishing exam-
ples for investigation of the symmetric molecular conjecture.
The plan of the paper is as follows. First, the symmetry-ex-
tended mobility rule for body-hinge structures is obtained for
(b)(a)
Fig. 1. Two example body-hinge structures: (a) shows a central panel connected to
two outer panels through simple rotational hinges; (b) shows a model of a propane
molecule in which each of the outer methyl groups is able to rotate about the bond
to the central carbon atom. Each of these structures has two mechanisms, as in each
case the hinges are able to rotate independently of one another.
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ondly, we derive general symmetry constraints on isostatic struc-
tures of body-hinge type. Finally, we present constructions for
systems that are predicted to be isostatic by counting without
symmetry, and examine their symmetry counts to determine
whether they have symmetry-detectable mechanisms that are hid-
den by the scalar count.
In what follows, it is assumed that we are working with frame-
works in three dimensions, except when speciﬁcally stated that we
are dealing with the restriction of the system to the plane.2. Background
The simple counting rule for calculating to ﬁrst order the de-
grees of freedom (or the mobility) m of a mechanical linkage with
b bodies connected by g joints, where joint i permits fi degrees of
freedom, is associated with Grübler and Kutzbach and was given
in the following form by Hunt (1978):m ¼ 6ðb 1Þ  6g þ
Xg
i¼1
fi: ð1Þ
The generalised version of this rule that allows for states of self-
stress in the same way as Calladine’s extension (Calladine, 1978) of
Maxwell’s Rule for bar-and-joint frameworks (Maxwell, 1864) ism s ¼ 6ðb 1Þ  6g þ
Xg
i¼1
fi; ð2Þwhere s is the dimension of the space of self-stresses of the linkage.
Eq. 2 can be derived by considering the dimensions of the four fun-
damental vector subspaces of an equilibrium/compatability matrix,
which can be deﬁned for any set of linearised constraints (see, e.g.,
Guest and Pellegrino (1994) for an example).
A joint which allows exactly one revolute degree of freedom be-
tween the two bodies that it joins is called a hinge. Moreover, a
mechanical linkage is called a body-hinge structure if every joint
of the linkage is a hinge. Our goal is to derive necessary conditions
for a symmetric body-hinge structure to be isostatic, i.e., to have
m ¼ s ¼ 0.
Note that for a body-hinge structure with b bodies and h hinges,
(2) becomesm s ¼ 6ðb h 1Þ þ h ¼ 6b 6 5h: ð3Þ(In the restriction to two dimensions, the RHS is
3ðb h 1Þ þ h ¼ 3b 3 2h.)3. A symmetry-extended mobility rule for body-hinge
structures
The symmetry-extended version of the generalised mobility
rule (2) is (Guest and Fowler, 2005):
CðmÞ  CðsÞ ¼ ðCT þ CRÞ  ðCðv;CÞ  Ckðe;CÞ  C0Þ þCf ; ð4Þ
where each C is the vector of the traces of the corresponding repre-
sentation matrices in some point group G. Each such C is known in
applied group theory as a representation of G (Bishop, 1973), or in
mathematical group theory as a character (James and Liebeck,
2001). In applied group theory, the term character is often used
informally for denoting an entry of a representation, i.e., the trace
of a representation matrix (Cotton, 1990) for a given operation.
In (4), CðmÞ and CðsÞ are the representations of the mobility and
the states of self-stress, respectively. CT and CR are the representa-
tions of rigid-body translations and rotations, and can be read off
from standard character tables for point-groups (Atkins et al.,
1970; Altmann and Herzig, 1994). In 3D, CT þ CR is the six-dimen-
sional CðTx; Ty; TzÞ þ CðRx;Ry;RzÞ; in 2D, CT þ CR is the three-
dimensional CðTx; TyÞ þ CðRzÞ, where the system lies in the xy
plane. C0 denotes the trivial representation which takes the value
of one for all group elements.
The other representations are deﬁned in terms of the so-called
(Guest and Fowler, 2005) contact polyhedron C associated with the
given body-hinge structure. C has one vertex for each body of the
structure and two vertices are joined by an edge of C iff the corre-
sponding bodies are connected by a joint. There is some choice in
the construction of C, as we discuss further below. Note that C is
not always a polyhedron in the graph theoretical sense: in some
cases itmay correspond to a planar graph, and in some to a non-planar
graph. Further, its geometric embedding may have non-planar
faces, or even degenerate to a polygon. Cðv ;CÞ is the permutation
representation of the vertices of C, andCkðe;CÞ is the representation
of a set of vectors along the edges of C. Finally, Cf is the representa-
tion of the total set of freedoms allowed by the joints.
Our previous treatments of mobility (Guest and Fowler, 2005)
deals with hinges of all types, including sliders and screws, but
in the present context, for a body-hinge structure, the symmetry-
extended mobility rule (Guest and Fowler, 2005) equivalent to
(3) is
CðmÞ  CðsÞ ¼ ðCT þ CRÞ  ðCðv;CÞ  Ckðe;CÞ  C0Þ þCh; ð5Þ
where Ch is the representation of the revolute degrees of freedom
allowed by the hinges (which we will determine below).
The form of the product on the RHS of (5) has one immediate
consequence: as the multiplier ðCT þ CRÞ has character zero under
all improper operations (i.e., inversion, reﬂections or rotoreﬂec-
tions), the character of CðmÞ  CðsÞ under such operations is deter-
mined entirely by that of the hinge freedoms for those operations.
A second deduction can be made about frameworks that have an
isostatic count of bars and hinges and have no body or hinge lying
on an element of symmetry. Following the reasoning applied to
bar-and-joint frameworks in Fowler et al. (in press), in the present
case it is the bodies and hinges that fall into orbits of size jGj, and all
vertex, edge and hinge representations are multiples of Creg (which
has character jGj under the identity, and zero under all other sym-
metry operations). Thus,
Cðv;CÞ ¼ b0Creg;
Ckðe;CÞ ¼ Ch ¼ h0Creg;
with b0 ¼ b=jGj and h0 ¼ h=jGj. Since the framework has an isostatic
count under the identity operation, we have (in 3D)
ð6b0  5h0ÞjGj ¼ 6: ð6Þ
(b) (c)(a)
Fig. 2. Examples of the choice of geometrically distinct contact ‘polyhedra’ for the
same body-hinge structure, in this case the three-panel structure shown in Fig. 1(a).
Three choices are shown: (a) edges chosen perpendicular to the hinge lines; (b)
edges chosen along the hinge lines; (c) edges chosen to have no particular
geometric relationship with the hinge lines.
(a)
e
h
(b)
Fig. 3. (a) A torsional hinge (with the dashed line denoting the hinge line). The
vector indicates the directed edge e of the contact polyhedron. For a torsional hinge,
the hinge line is collinear with the edge e. (b) A symbolic depiction of the torsional
hinge, showing the hinge realised as a rod with a stop rotating within a cylindrical
tube. Note that a torsional hinge in isolation has D1h symmetry.
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CðmÞ  CðsÞ ¼ 6jGjCreg  ðCT þ CRÞ ð7Þ
implying that the representation CðmÞ  CðsÞ has character
4 cosð2p=nÞ  2 under operations Cn, and zero under all others.
The framework must then have symmetry-detectable mechanisms
and/or states of self stress unless the rigid body motions have the
special symmetry
CT þ CR ¼ 6jGjCreg: ð8Þ
This last relation holds only for the following point groups:
C3v ; C3h;S6 (jGj ¼ 6); C3 (jGj ¼ 3); Ci; Cs (jGj ¼ 2); and the trivial C1
(jGj ¼ 1). In all other groups, no framework where the count is iso-
static and all components are in general position can be isostatic in
reality.
For frameworks restricted to the plane, Eqs. (7) and (8) reduce
to
CðmÞ  CðsÞ ¼ 3jGjCreg  ðCT þ CRÞ ð9Þ
and the isostatic requirement is
CT þ CR ¼ 3jGjCreg: ð10Þ
The available point groups for the 2D case are Cn and Cnv (with
Cs  C1v ), and the requirement (10) holds only for C3 and the trivial
C1. Thus, C3 is the only non-trivial symmetry group for which a 2D
isostatic framework can be achieved without structural elements
lying on an element of symmetry.
The machinery of the symmetry-extended mobility rule re-
quires a geometric realisation of the contact graph, and this is what
we are calling here the contact polyhedron, C. The notion of a con-
tact polyhedron requires some further discussion in the context of
body-hinge frameworks. Given a body-hinge assembly, the contact
graph is deﬁned by the underlying combinatorics of the assembly;
the vertices correspond to the bodies and the edges to the hinges,
each of which links exactly two bodies. Thus, the contact graph is
simple, without loops or multiple edges. We are interested in the
kinematics of this assembly, rather than the physical shapes of
the individual bodies, and hence the signiﬁcant geometrical infor-
mation is that related to the positioning of the hinge lines. To-
gether, the contact graph and the geometry of the hinge lines
together deﬁne the ‘kinematic symmetry’ of the framework, and
hence a point group G.
In general, there is some freedom in the choice of the contact
polyhedron C. To maximise information, we wish to work within
the kinematic symmetry group, the largest point group compatible
with the disposition of hinges and bodies, and therefore impose
this symmetry on C. For simplicity, where possible we wish to align
edges of C along hinge lines. Hinges which are aligned with edges
of C will be called torsional hinges. In some cases, this alignment
will fully deﬁne the positions of the vertices of C. If this is true
for all vertices, and hence all hinges are torsional hinges, then we
have a molecular framework, as deﬁned earlier. Hinges that are
not so aligned with edges will be called non-torsional. In frame-
works conﬁned to the plane, all hinge lines must be perpendicular
to the framework plane, and hence all hinges are non-torsional.
Fig. 2 shows a simple case where two fully symmetric choices of
C can be made, one where all edges of C line up with hinge lines
(torsional) and one where all edges of C are perpendicular to hinge
lines (non-torsional). Working consistently with either choice
yields the same expression for CðmÞ  CðsÞ, as it must, since mech-
anisms and self-stresses exist independently of our procedure forcalculating their representations. In this case, we ﬁnd
CðmÞ  CðsÞ ¼ A2 þ B2, which describe respectively con- and dis-
rotatory combinations of the two independent hinge mechanisms.
4. Derivation of the symmetry representations for isostatic
body-hinge frameworks
Given a choice of contact polyhedron, and in particular the posi-
tions of the edges, hinges fall into the two basic types, torsional
and non-torsional, deﬁned above and illustrated in Figs. 3 and 4.
In order to apply the symmetry-extended mobility rule, we
need to know how the degree of freedom of a hinge behaves under
the various symmetry operations that might leave the hinge
unshifted. For a given hinge, the contribution to the character (or
trace of the representation matrix) for an operation x 2 G that
leaves the hinge unshifted is vrevolute, computed using the formula
(Guest and Fowler, 2005):
vrevoluteðxÞ ¼ vRh ðxÞvekðxÞ:
The two terms on the RHS of this expression are easily com-
puted and the results for vrevolute are as shown in Tables 1 and 2
for torsional and non–torsional hinges, respectively.
The characters of the representation Cðv ;CÞ, i.e., the permuta-
tion representation of the bodies, are used to construct the ﬁrst line
of Table 3. The following notation is used:
b is the number of bodies (number of vertices of the contact
polyhedron C);
bn denotes the number of vertices of C that are ﬁxed by a rota-
tion Cn; nP 3;
b2 denotes the number of vertices of C that are ﬁxed by a half-
turn C2;
br denotes the number of vertices of C that are ﬁxed by a reﬂec-
tion r;
bc denotes the number of vertices of C that are ﬁxed by an inver-
sion i;
(a)
e
h
(b)
Fig. 4. (a) A non-torsional hinge (with the dashed line denoting the hinge line). The
vector indicates the directed edge e of the contact polyhedron. For a non-torsional
hinge, the hinge line crosses the edge e. (b) A symbolic depiction of a non-torsional
hinge. Note that a non-torsional hinge in isolation has at most D2h symmetry,
realised when the angle between e and h is 90 .
Table 1
Contribution to characters for a single torsional hinge that is unshifted under a given
operation. C02 are half-turns about axes perpendicular to the hinge line h. rðh ?Þ is a
mirror which contains the hinge line h. rðhÞ is the mirror with normal line h.
E CnðhÞ C02 rðh ?Þ rðhÞ i SnðhÞ
vRh 1 1 1 1 1 1 1
vek 1 1 1 1 1 1 1
vrevolute 1 1 1 1 1 1 1
Table 2
Contribution to characters for a single non-torsional hinge that is unshifted under a
given operation. CnðlÞ is the n-fold rotation about axis l: C2ðekÞ is the twofold rotation
along the edge of the contact polyhedron; C2ðh ekÞ is the twofold rotation about a
line perpendicular to both the edge and the hinge line h. rðlÞ is the mirror with
normal line l.
E C2ðhÞ C2ðekÞ C2ðh ekÞ i rðhÞ rðekÞ rðh ekÞ
vRh 1 1 1 1 1 1 1 1
vek 1 1 1 1 1 1 1 1
vrevolute 1 1 1 1 1 1 1 1
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improper rotation Sn;nP 3.
The characters of the representation Ckðe;CÞ are also used in the
construction of the ﬁrst line of Table 3. The relevant notation is:
e is the number of edges of the contact polyhedron C;
ek is the number of edges which lie along a Cn axis (For n > 2
these edges must correspond to torsional hinges);
e? is the number of edges which lie perpendicular to a C2 axis;
ekr; e?r are the numbers of edges that are centered in, and lie
parallel/ perpendicular to, a r reﬂection plane;Table 3
Calculations of representations used in the symmetry-extended mobility rule for body-hing
dimensions is achieved by deleting columns i and Sn–2ð/Þ, setting all hðTÞ quantities to zer
E Cn–2ð/Þ C2
Cðv ;CÞ  Ckðe;CÞ  C0 b e 1 bn  ek  1 b2 þ e?  e
CT þ CR 6 4 cos/þ 2 2
Ch h hðTÞk h
ðTÞ
k þ hðTÞ? þ
hðNTÞ?  hðNkec is the number of edges centered at the inversion centre;
enc is the number of edges that lie along an improper Sn rotation
axis and are reversed by the Sn operation.
Finally, the characters of the representation Ch are given in the
last line of Table 3. The relevant notation is:
h ¼ e is the number of hinges;
hðTÞk ;h
ðNTÞ
k are the numbers of torsional/non-torsional hinges
whose hinge-line lies along the Cn axis (n > 2 is possible only
for a torsional hinge);
hðTÞ? ;h
ðNTÞ
? are the numbers of torsional/non-torsional hinges
whose hinge-line lies across a Cn axis (only n ¼ 2 is possible);
hðTÞkr ;h
ðTÞ
?r;h
ðNTÞ
kr , h
ðNTÞ
?r are the numbers of torsional/non-torsional
hinges centered in, and lying parallel/perpendicular to, a r
reﬂection plane;
hðTÞc ;h
ðNTÞ
c are the numbers of torsional/non-torsional hinges
whose hinge-lines are centered at the inversion centre;
hðTÞnc is the number of torsional hinges whose hinge-line lies
along an Sn axis where n > 2, and are reversed by the Sn opera-
tion (possible only for a torsional hinge).
5. Examples
By Tay’s theorem (Tay, 1984) and the proof of the molecular
conjecture (Katoh and Tanigawa, 2011), a generic body-hinge or
molecular framework in three dimensions with b bodies and h
hinges is isostatic if and only if it satisﬁes the scalar count
5h ¼ 6b 6, and for all substructures with h0 hinges connecting
b0 bodies, we have 5h0 6 6b0  6. In the following, we use the sym-
metry representations of the previous section to examine the sym-
metry-induced mobility of some symmetric body-hinge structures
which are predicted to be isostatic by Tay’s counts.
5.1. Conformers of cyclohexane
As a ﬁrst example, we consider a ring of six carbon atoms (the
carbon skeleton of the cyclohexane molecule) and its two basic
conformations, the ‘boat’ and the ‘chair’ (see Fig. 5). These struc-
tures are also molecular frameworks in the mathematical sense,
consisting of six bodies (atoms) and six torsional hinges (bonds).
Clearly, cyclohexane satisﬁes the isostatic scalar count
5h ¼ 6b 6 ¼ 30, and it is easy to verify that the sparsity condition
for all substructures is also satisﬁed. Thus, generic realisations of
this 6-loop (Guest and Fowler, 2010) framework are isostatic.
Suppose now that the structure is realised with C2 symmetry, as
the boat conformation of cyclohexane (see Fig. 5(a)). As there is no
hinge ﬁxed by the half-turn, it follows from the characters in Ta-
ble 3 that there must be exactly one body ﬁxed by the half-turn
(i.e., b2 ¼ 1) for the structure to be isostatic. Thus, since the boat
conformation has no body ﬁxed by the half-turn, we may conclude
that the boat is not isostatic. In fact, we have CðmÞ  CðsÞ ¼ A B,
as computed in (Guest and Fowler, 2010), for example, and there ise structures. The table applies to three-dimensional frameworks; the restriction to two
o, and setting the ﬁrst three entries in CT þ CR to 3;2 cos/þ 1 and 1, respectively.
r i Sn–2ð/Þ
k  1 br þ e?r  ekr  1 bc þ ec  1 bnc þ enc  1
0 0 0
TÞ
hðTÞkr  hðTÞ?r
hðNTÞkr þ hðNTÞ?r
hðTÞc  hðNTÞc hðTÞnc
C2
(a)
C3
(b)
Fig. 5. Two basic conformations of cyclohexane: The ‘boat’ has half-turn symmetry
and is ﬂexible (a); the ‘chair’ has 3-fold rotational symmetry and is isostatic (b).
(a) (b) (c) (d) (e)
Fig. 6. The ﬁnite motion of the rotating ring of six tetrahedra, showing one quarter
of a complete cycle: (a) D3h high symmetry point; (b) generic C3v symmetry; (c) D3d
high symmetry point; (d) generic C3v symmetry; (e) D3h high symmetry point. The
hinge lines between tetrahedra have been marked with a dashed line. The contact
polyhedron is also shown for (c), where the edges of the polyhedron are
perpendicular to the hinge lines, which are shown dashed and centred on the
polyhedron edges.
x
y
z
Fig. 7. A molecular structure based on a partial octagonal prism which has a
continuous motion that preserves D2 symmetry. Dashed lines indicate edges that
are removed from the complete prism to form this structure. Axes x; y and z are C2
symmetry elements.
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Graveron-Demilly, 1977, 1978).
Similarly, using the calculations in Table 3, it is easy to verify
that the chair conformation of cyclohexane (i.e., the six-ring rea-
lised with C3 symmetry) satisﬁes the count CðmÞ  CðsÞ ¼ 0, as
there is neither a hinge nor a body ﬁxed by the threefold rotation
(see Fig. 5(b)). Thus, the ‘chair’ is correctly predicted to be isostatic.
The C2-preserving continuous mechanism of the ‘boat’ and the
rigidity of the ‘chair’ were also treated in Schulze et al. (2013) by
modelling the molecular structures as body-bar frameworks,
where each hinge is replaced by 5 independent bars, each inter-
secting the corresponding hinge line (leaving one relative degree
of freedom between a pair of bodies), and by applying ‘orbit count-
ing methods’ (Schulze et al., 2013; Schulze and Whiteley, 2011;
Tanigawa, 2012) for body-bar frameworks to these structures.
However, note that while the orbit counts in Schulze et al.
(2013) (as well as the results in Guest et al. (2010) and Tanigawa
(2012)) provide information about the (symmetry-preserving)
mobility of symmetric body-bar realisations of a given multi-graph,
a proof of the symmetric version of the molecular conjecture
would be needed to transfer these results to symmetric molecular
realisations of the multi-graph. More precisely, the symmetric
molecular conjecture asserts that under symmetry-generic condi-
tions, a body-bar framework and a molecular framework with
the same underlying multi-graph have the same rigidity properties
(Porta et al., 2014); that is, the special geometry of the positioning
of the hinge lines in a symmetry-generic molecular realisation of
the multi-graph cannot give rise to any additional (ﬁrst-order)
ﬂexibility.
As the special geometry of the hinge locations in a molecular
framework is captured by the contact polyhedron C, the present
method allows us to analyse the mobility of symmetric molecular
structures directly, without using the unproven symmetric molec-
ular conjecture, and hence is more powerful than orbit-based
counting methods for body-bar frameworks. In fact, part of the
motivation for the present contribution is that our results concern-
ing the rigidity and ﬂexibility of symmetric body-hinge and molec-
ular frameworks can be compared with corresponding results for
symmetric body-bar frameworks in order to probe the symmetric
molecular conjecture. For example, when compared with the sym-
metry counts for body-bar frameworks derived in Guest et al.
(2010), the symmetry counts for the corresponding molecular
frameworks obtained in this paper do not give rise to any added
necessary conditions for rigidity, and are thus compatible with
the symmetric molecular conjecture.
Finally, we note that the rigidity and ﬂexibility of a symmetric
molecular framework with contact graph G can also be analysed
by forming the squared graph G2 (obtained from G by adding a
new edge fu;vg for each pair u;v of vertices of G that have distance
2 in G) and applying the symmetry-extended counting rules de-
rived in Fowler and Guest (2000) and Connelly et al. (2009) to
the corresponding bar-joint realisation of G2 (see also Katoh and
Tanigawa (2011) for example). We expect that this approach will
yield essentially the same information about the ﬂexibility of themolecular structure as the approach described in this paper (albeit
in a different guise), but detailed comparison of these two methods
is left for future investigation.
5.2. Ring of rotating tetrahedra
Another symmetric body-hinge structure with the 6-cycle as a
contact graph is the ring of six rotating tetrahedra shown in
Fig. 6. The maximal symmetry that this structure can achieve is
D3d. Note that the positioning of the hinge lines in this structure
prevents us from choosing a contact polyhedron with D3d symme-
try whose edges are aligned with the hinge lines. Therefore, each of
the hinges in this structure is non-torsional. For each reﬂection r
with a ‘vertical mirror plane’ in the group, there are exactly two
hinges that are ﬁxed by r, and since both of these hinges lie paral-
lel to the reﬂection plane (i.e., hðNTÞkr ¼ 2), the characters in Table 3
imply that the structure has a non-trivial ﬁrst-order motion. In
fact, this motion extends to a continuous mechanism which main-
tains C3v symmetry throughout the path. For a detailed analysis of
this mechanism, and discussion of the connections between the 6-
loop and Bricard’s classic work (Bricard, 1897) on the ﬂexibility of
the octahedron, we refer the reader to Guest (2000), Fowler and
Guest (2005) and Guest and Fowler (2010).
5.3. A partial prism
Next, we consider the molecular structure shown in Fig. 7. This
structure is based on a partial octagonal prism and consists of two
rings of 8 bodies alternating with 8 torsional hinges which are
linked by two additional torsional hinges. This structure is easily
veriﬁed to satisfy the non-symmetric Tay counts, and hence is iso-
Table 5
Calculation of representations used in the symmetry-extended mobility rule for the
C3-symmetric body-hinge structure shown in Fig. 8.
C3 E C3 C23
Cðv ;CÞ 11 2 2
Ckðe;CÞ 12 0 0
C0 1 1 1
¼ 2 1 1
ðCT þ CRÞ 6 0 0
¼ 12 0 0
þCh 12 0 0
¼ CðmÞ  CðsÞ 0 0 0
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Fig. 7, the structure can be realised with a maximal point group
symmetry of D2h, in which case it follows immediately from the
characters in Table 3 that there exists a non-trivial ﬁrst-order mo-
tion. Since two of the three half-turn axes intersect neither a body
nor hinge, the structure cannot be isostatic. In Table 4, we give a
detailed analysis of D2-symmetric realisations of this structure
using the symmetry-extended mobility rule.
By the computation shown in Table 4, we have
CðmÞ  CðsÞ ¼ A1  B2, indicating one mechanism that preserves
the full D2 symmetry, and a B2-symmetric state of self-stress that
is symmetric under only one of the twofold rotations. As the mech-
anism is totally symmetric and the state of self-stress is not, the
mechanism is ﬁnite (Kangwai and Guest, 1999; Guest and Fowler,
2007) (see also Schulze (2010)).
In Porta et al. (2014), orbit-counting methods for symmetric
body-bar frameworks were used to predict a symmetry-preserving
continuous mechanism of this structure whenever it is realised
with D2 (or C2) point group symmetry. To gather evidence for the
symmetric version of the molecular conjecture, the conﬁguration
spaces of the corresponding molecular structures were then com-
puted, which conﬁrmed that the special geometry of the disposi-
tion of the hinges in D2-generic (or C2-generic) molecular
realisations of the structure does not give rise to any added
ﬂexibility.
Using the constructions to be described in Section 7, we can
easily generate further examples of molecular frameworks with
various point-group symmetries and possessing a small number
of symmetry-induced mechanisms. These structures lend them-
selves to additional testing of their conﬁguration spaces in order
to investigate further the symmetric molecular conjecture.
5.4. Further examples
Finally, consider the body-hinge structure with C3 symmetry
depicted in Fig. 8. The hinges of this structure are all non-torsional.Table 4
Calculation of representations used in the symmetry-extended mobility rule for the
molecular structure shown in Fig. 7, and here analysed in D2 symmetry.
D2 E C2ðxÞ C2ðyÞ C2ðzÞ
Cðv ;CÞ 16 0 0 0
Ckðe; CÞ 18 0 2 0
C0 1 1 1 1
¼ 3 1 1 1
ðCT þ CRÞ 6 2 2 2
¼ 18 2 2 2
þCh 18 0 2 0
¼ CðmÞ  CðsÞ 0 2 0 2
(a) (b)
Fig. 8. (a) A body-hinge structure with C3 symmetry, where each body is a ﬂat
panel. The hinge lines between panels are marked with a dashed line, and the C3
axis is indicated by an arrow. (b) The contact polyhedron.If analysed in C3 symmetry, the structure satisﬁes the symmetry-
extended mobility rule: for a 3-fold rotation, there is no restriction
on the number of bodies that lie on the rotational axis. The corre-
sponding detailed symmetry analysis is given in Table 5. It follows
from these computations that CðmÞ  CðsÞ ¼ 0. However, if we rea-
lise this structure with C3v symmetry, then it cannot be isostatic,
since for each reﬂection r in the group, we then have
hðNTÞkr ¼ 0– 4 ¼ hðNTÞ?r . The corresponding detailed computation for
the symmetry-extended mobility rule for the group C3v is shown
in Table 6.
Note that it follows from these calculations that
CðmÞ  CðsÞ ¼ 2A1  2A2, which implies that there are two fully
symmetric (A1) non-trivial degrees of freedom and two states of
self-stress of symmetry A2 (symmetric under rotation, but anti-
symmetric under reﬂection). Thus, by the results in (Kangwai
and Guest, 1999; Guest and Fowler, 2007; Schulze, 2010), we
may conclude that the structure has in fact two continuous symme-
try preserving mechanisms.6. General symmetry conditions for isostatic behaviour
From Table 3, the symmetry treatment of the body-hinge
mobility rule in 3-space reduces to scalar equations of six types.
If CðmÞ  CðsÞ ¼ 0, then
(i) E : 6b 6 ¼ 5h (recall e ¼ h).
(ii) Cn–2ð/Þ : ð4 cos/þ 2Þðbn  hðTÞk  1Þ þ hðTÞk ¼ 0 (all hinges on
an axis with n > 2 must be torsional hinges).
(iii) C2 : h
ðTÞ
k þ hðTÞ? þ hðNTÞ?  hðNTÞk ¼ 2ðb2  ek þ e?  1Þ.
(iv) r : hðNTÞ?r  hðNTÞkr ¼ hðTÞkr þ hðTÞ?r.
(v) i : hðTÞc þ hðNTÞc ¼ 0.
(vi) Sn–2ð/Þ : hðTÞnc ¼ 0.
Hence, some observations and necessary conditions for isostatic
behaviour are:Table 6
Calculation of representations used in the symmetry-extended mobility rule for C3v -
symmetric realisations of the body-hinge structure shown in Fig. 8.
C3v E 2C3 3rv
Cðv ;CÞ 11 2 5
Ckðe;CÞ 12 0 4
C0 1 1 1
¼ 2 1 0
ðCT þ CRÞ 6 0 0
¼ 12 0 0
þCh 12 0 4
¼ CðmÞ  CðsÞ 0 0 4
−→ −→
C2
(a) (b) (c)
Fig. 9. The boat conformation of cyclohexane is obtained from the graph K3 by a 1-
expansion: (a) the graph K3; (b) the graph obtained from K3 by replacing each edge
with a chain of two edges (and one vertex); (c) the boat conformation of
cyclohexane has the graph in (b) as its contact graph. Note that the chair
conformation of cyclohexane or the rotating ring of six tetrahedra, for example, can
also be obtained from K3 by a 1-expansion.
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body.
Cn–2 We note that the function ð4 cos/þ 2Þ, with / ¼ 2p=n,
takes integer values for n ¼ 1;2;3;4;6. If n is not one of these
values (i.e., 5, 7 or above) then hðTÞk ¼ 0 and bn ¼ 1 is the only
solution.
C3 We must have h
ðTÞ
k ¼ 0, but there is no restriction on the
number of bodies on the axis, b3.
C4 For n ¼ 4 the equation reduces to 2ðb4  1Þ ¼ hðTÞk , and hence
hðTÞk is clearly even. However the solutions for h
ðTÞ
k ¼ 2 and 4
imply that the skeleton of C is a multigraph and so are not
allowed. Note that b4 ¼ 1;hðTÞk ¼ 0 is a viable solution.
C6 For n ¼ 6 the equation reduces to 4ðb6  1Þ ¼ 3hðTÞk . Clearly
b6 ¼ 1;hðTÞk ¼ 0 is a viable solution.
i and Sn–2 No hinge can be unshifted by any improper operation.
Useful simpliﬁed conditions arise for body-hinge structures re-
stricted to only torsional or only non-torsional hinge types, where
these can be constructed. (Symmetry may dictate the types of
some symmetrically placed hinges in a structure and render one
or both of the pure framework types impossible.) For frameworks
with only torsional hinges, we have e ¼ hðTÞ; ek ¼ hðTÞk and
e? ¼ hðTÞ? , giving:
T (iii) C2 : 2ðb2  1Þ ¼ 3hðTÞk  hðTÞ? .
T (iv) r : hðTÞkr þ hðTÞ?r = 0.
Hence, some additional conditions for isostatic behaviour of
molecular structures are:
C2 Some viable solutions are: (i) b2 ¼ 0;hðTÞk ¼ 0, hðTÞ? ¼ 2; (ii)
b2 ¼ 1 if and only if hðTÞk ¼ hðTÞ? ¼ 0; (iii) b2 ¼ 2; hðTÞk ¼ hðTÞ? ¼ 1.
r; i and Sn–2 No hinge can be unshifted by any improper
operation.
For frameworks with only non-torsional hinges, we have
e ¼ hðNTÞ, but cannot give direct relationships between ek; e? and
hðNTÞk ;h
ðNTÞ
? , as for an edge of C perpendicular to a symmetry axis,
the hinge line may be either parallel or perpendicular to the sym-
metry axis.
NT (i) E : 6b 6 ¼ 5hðNTÞ.
NT (ii) Cn–2ð/Þ : ð4 cos/þ 2Þðbn  1Þ ¼ 0.
NT (iii) C2 : h
ðNTÞ
?  hðNTÞk ¼ 2ðb2  ek þ e?  1Þ.
NT (iv) r : hðNTÞ?r ¼ hðNTÞkr .
NT (v) i : hðNTÞc ¼ 0.
NT (vi) Sn–2ð/Þ : 0 ¼ 0.
Hence, some further conditions for isostatic behaviour of frame-
works with only non-torsional hinges are:
Cn–3 bn ¼ 1 for all n > 2.
A direct consequence of the above conditions is that we can
construct an isostatic body-hinge framework exhibiting any de-
sired point group symmetry G. The recipe is as follows: Take one
central body and attach a loop of ﬁve additional bodies connected
by six hinges in general position to give an isostatic ring. Then use
the jGj operations of the group to copy the additional bodies and
hinges to give a ﬁnal framework consisting of a central body deco-
rated with a regular orbit of isostatic rings. The whole structure has
1þ 5jGj bodies and 6jGj hinges, with Cðv ;CÞ ¼ C0 þ 5Creg andCkðe;CÞ ¼ Ch ¼ 6Creg (where Creg has character jGj under the iden-
tity, and zero under all other symmetry operations), giving
CðmÞ  CðsÞ ¼ 0, and conﬁrming that this bouquet-like structure
is isostatic overall.
In 2D, where all hinges are non-torsional and all hinge lines are
perpendicular to the corresponding edge of C, the possible point
groups Cnv (and their Cs or Cn subgroups) imply four symmetry
conditions:
2D (i) E : 3b 3 ¼ 2h.
2D (ii) Cn–2ð/Þ : ð2 cos/þ 1Þðbn  1Þ ¼ 0.
2D (iii) C2 : h ¼ 2ðb2  ek þ e?  1Þ.
2D (iv) r : h?r ¼ hkr.
with the consequence that bn ¼ 1 for all Cn with n > 3.7. Constructing symmetric body-hinge structures with isostatic
counts
Suppose, for a loopless multi-graph with v vertices and e edges,
we replace each vertex by a body and each edge by a chain of kP 1
bodies and kþ 1 hinges. Then we obtain a body-hinge structure
with b ¼ v þ ke bodies and h ¼ ðkþ 1Þe hinges. We call this process
‘k-expansion’ (see Figs. 9 and 12 for illustrations).
We are interested in structures with the (3D) isostatic count
6b 6 ¼ 5h, that is,
6ðv þ keÞ  6 ¼ 5ðkþ 1Þe;
6ðv  1Þ ¼ ð5 kÞe:
We distinguish the following four cases:
(i) k ¼ 1. Then we have e ¼ 32 ðv  1Þ.
(ii) k ¼ 2. Then we have e ¼ 2ðv  1Þ.
(iii) k ¼ 3. Then we have e ¼ 3ðv  1Þ.
(iv) k ¼ 4. Then we have e ¼ 6ðv  1Þ.
Note that in order to obtain isostatic body-hinge structures, the
starting multi-graph must satisfy one of the above overall counting
conditions for e and v, and also the corresponding sparsity counts
for all subgraphs. For example, for k ¼ 2, we must have the overall
count e ¼ 2ðv  1Þ, and the count e0 6 2ðv 0  1Þ for each subgraph.
7.1. Case (i)
If k ¼ 1, then v must clearly be odd. Also, the starting graph on
which we perform the expansion cannot have multiple edges, for
otherwise the expanded contact graph would contain a 4-cycle,
and hence the corresponding body-hinge structure would not be
isostatic. Loops are not allowed: as we are replacing a loop edge
by a chain of k bodies and kþ 1 hinges, and k 2 f1;2;3;4g, a loop
gives rise to a K-ring in the body-hinge structure with
(i)
...
(ii)
...
(iii.a)
...
(iii.b) ...
(iv)
...
Fig. 10. Inﬁnite families of graphs whose k-expansions are contact graphs of body-hinge structures that satisfy the 3D isostatic count. If these structures are realised with
certain point group symmetries, then they also satisfy the added symmetry conditions for isostatic character derived in Sections 4 and 6.
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in the case of k ¼ 1;K ¼ 2, a non-valid body-hinge structure). Thus,
the smallest non-trivial starting graph is the complete graph K3
which on expansion becomes the contact graph of a ring of six
bodies alternating with hinges (see Fig. 9).
An inﬁnite family of graphs which satisfy both the overall count
e ¼ 32 ðv  1Þ and the sparsity count e0 ¼ 32 ðv 0  1Þ for all subgraphs
are the ‘partial wheels’ W ðpartÞ2n depicted in Fig. 10(i). If the corre-
sponding body-hinge structures are realised with Cn symmetry so
that the n-fold rotation ﬁxes the central body, but shifts all other
bodies and hinges, then the structure also satisﬁes the symmetry
conditions for isostatic character derived in Section 6.
Similarly, if a body-hinge structure has a 1-expansion of a par-
tial wheel W ðpartÞ4n , nP 1, as its contact graph, and if it is realised
with Ci symmetry, where the central body is ﬁxed by the inversion,
then the symmetry condition for the inversion given in Section 6 is
also satisﬁed.
However, in general, for other types of symmetric body-hinge
frameworks which are constructed from a 1-expansion of a partial(a) (b)
Fig. 11. For any starting graph satisfying the count e ¼ 32 ðv  1Þ, we can add two
vertices and three edges to retain the isostatic count, bridging any pair of vertices of
the original graph (a). Alternatively, we can ‘add a triangle’ to the original graph,
which in the expanded graph, is equivalent to adding a six-ring (b).wheel W ðpartÞ2n , our symmetry conditions detect a non-trivial ﬁrst-
order motion.
Note that if we start with a graph that satisﬁes the count
e ¼ 32 ðv  1Þ, then we can always add two vertices and three edges
to retain the isostatic count, as illustrated in Fig. 11. This allows us
to generate large structures which satisfy the isostatic scalar
counts, and which can easily be examined for ﬂexibility using the
symmetry extended mobility rule.7.2. Case (ii)
In this case, the starting graph is allowed to have multiple
edges, but no loops. If we start with a multi-graph that satisﬁes
the count e ¼ 2ðv  1Þ, we can perform any 2-dimensional Henne-
berg-type graph construction (such as a vertex 2-addition, an edge
2-split or an X-replacement, e.g. (Tay and Whiteley, 1985; Ross and
Nixon, 2012)) on the graph to retain the isostatic count. By per-
forming these constructions symmetrically, we may obtain many
symmetric contact graphs of body-hinge structures which have
isostatic counts. Clearly, some modiﬁed constructions which add
multiple edges to the graph are also permitted. Further, the count
e ¼ 2ðv  1Þ implies that if we take the graph of any 2-dimensional
rigidity circuit, replace each vertex by a body, and each edge by 2
bodies and 3 hinges, then we obtain a body-hinge structure that
has an isostatic count. So, in particular, we may also use 2D cir-
cuit-gluing to obtain new structures (Ross and Nixon, 2012).
Note that the wheel graphs Wn shown in Fig. 10(ii) correspond
to body-hinge structures which also satisfy the extra symmetry
conditions derived in Section 6 for the groups Cn, provided that
(a) (b)
Fig. 12. (a) The wheel graph W3 from Fig. 10 (ii); (b) a body-hinge (molecular)
structure with point group C3 which is obtained from W3 by a 2-expansion. Larger
and smaller circles in (b) indicate bodies (atoms) that lie respectively in front of,
and behind the median plane of the structure.
(a) (b)
Fig. 13. Contact graphs of body-hinge structures (where each vertex represents a
body and each edge represents a hinge) which correspond to ‘partial prisms’. The
graph in (a) is the contact graph of the structure shown in Fig. 7.
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and hinges (see also Fig. 12). Similarly, for W2n, the corresponding
body-hinge structure satisﬁes the symmetry condition for Ci, if the
central body is ﬁxed by the inversion.
It may be interesting to note that the count e ¼ 2ðv  1Þ is sat-
isﬁed by all self-dual polyhedra, e.g., the pyramids (whose skele-
tons are the wheel graphs) and towers constructed by topping a
stack of ½N-prisms with an ½N-pyramid. A tower of an ½N-pyramid
topping p ½N-prisms has v ¼ 1þ ðpþ 1ÞN and e ¼ 2ðpþ 1ÞN and
after decoration with 2 bodies and 3 hinges per edge, the body
and hinge counts are respectively b ¼ 1þ 5ðpþ 1ÞN, and
h ¼ 6ðpþ 1ÞN. By counting, the characters of CðmÞ  CðsÞ corre-
sponding to the identity E and the rotations Cn–2 are 0, since
bn ¼ 1. Hence, in Cn;CðmÞ  CðsÞ ¼ 0 and there are no symmetry-
detectable mechanisms or states of self stress.7.3. Case (iii)
The smallest non-trivial example in this case is the graph with
two vertices which are connected by three parallel edges. This
gives rise to the structure discussed in Section 5 and shown in
Fig. 8. In general, if we start with a loopless multi-graph that satis-
ﬁes the count e ¼ 3ðv  1Þ, then we can perform any 3-dimen-
sional Henneberg-type graph construction (such as a vertex 3-
addition or edge 3-split, e.g. (Ross and Nixon, 2012)) to preserve
this count. Clearly, as in Case (ii), some modiﬁed constructions
which add multiple edges to the graph are again permitted.
Note that 2-expansions of the wheel graphs with doubled outer
edges shown in Fig. 10(iii.a) (denoted by W ðdoubleÞn ) and 2-expan-
sions of the partial wheel graphs with all edges doubled shown
in Fig. 10(iii.b) (denoted by 2W ðpartÞ2n ) can be realised as symmetric
body-hinge structures that satisfy the symmetry conditions de-
rived in Section 6, for a number of point groups.
For example, each of these structures can clearly be realised
with Cn symmetry so that there is exactly one body (the central
body) and no hinge ﬁxed by the n-fold rotation. Further, the sym-
metry extended counts for the groups Dn and S2n can be satisﬁed
for appropriate realisations of 2-expanded wheel graphs W ðdoubleÞ2n ,
and the symmetry extended counts for the groups Cnv ; Cs and Dnh
can be satisﬁed for appropriate realisations of 2-expanded partial
wheel graphs 2W ðpartÞ2n .7.4. Case (iv)
In this case, we can again use similar constructions as above to
generate large body-hinge structures which satisfy the non-sym-
metric Tay counts, as well as the added symmetry conditions for
various point groups. For example, an inﬁnite family of such struc-
tures is obtained from 4-expansions of wheel graphs whose edges
are all tripled, as illustrated in Fig. 10(iv). A 4-expansion of thegraph 3W3 (where 3W3 is obtained from the simple wheel graph
W3 by replacing each edge with a set of three parallel edges) for
example, can be realised as a molecular framework with point
group T (i.e., with the purely rotational symmetry group of a reg-
ular tetrahedron) so that the criteria of the symmetry extended
mobility rule are all satisﬁed.
7.5. Further constructions
Finally, we note that there are many other constructions for
body-hinge structures with isostatic scalar counts. For example,
if we start with the contact graph based on a partial octagonal
prism shown in Fig. 13(a), reduce each of the two 8-cycles to 7-cy-
cles, and replace both of the vertical edges by a path of two edges,
then the isostatic counts are preserved (see Fig. 13(b)). Alterna-
tively, we could expand the two cycles on the top and on the bot-
tom and add an appropriate number of vertical bars linking the
two rings to preserve the isostatic counts. If realised with certain
point group symmetries, these structures also satisfy the symme-
try conditions derived in Section 6.
Of particular practical interest is of course the construction of
symmetric molecular structures and their dual structures, known
as ‘panel-hinge frameworks’. A panel-hinge framework is a body-
hinge framework with the property that all the hinges of each body
are coplanar (see also Tay and Whiteley (1984), for example). Note
that from certain symmetric molecular structures we can easily
construct panel-hinge frameworks with the same symmetry by
applying a geometric polarity (around a sphere centred at the cen-
tral point of the symmetry group) to the molecular structure, and
vice versa. For example, if we think of the contact polyhedron in
Fig. 8(b) as a molecular framework (with vertices representing
the bodies (atoms) and edges representing the torsional hinges),
then the polar of this molecular framework looks like the panel-
hinge framework depicted in Fig. 8(a).
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